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1 Introduction
Laminar-turbulent transition is a complex, multi-stage
process through which a laminar flow becomes turbulent. In
a laminar flow, any perturbation with its inherent frequencies
may be amplified and destabilize the flow if the Reynolds
number is large enough; the destabilized flow eventually may
reach a turbulent state. The low skin-friction of laminar flow
is beneficial for high-speed vehicles; delaying the transition
here serves to reduce the fuel consumption. Effective turbulent mixing, on the other hand, is desired for engines; promoting transition here increases efficiency. Thus, predicting
the onset of transition has practical importance.
Laminar-turbulent transition has been studied intensively over the past decades. Although instabilities induced
by surface imperfections such as roughness attracted much
attention for their practical interests, most investigations
used empirical correlations between the transition onset and
the roughness size. In addition to the traditional linear stability analysis, some efforts have extended to examine absolute/convective instability, and local/global instability, reviewed by Huerre and Monkewitz [1]. However, a systematic
investigation of the effects of surface imperfections is still
missing. In our study, we attempt to fill these gaps by investigating a boundary-layer flow over several types of surface
imperfections using Direct Numerical Simulations (DNS).
The primary focus of this investigation will be on the incipient transition extending from linear region to region upstream of non-linear breakdown. For the current paper, we
will limit our focus to the 2-D instability waves within a zero
pressure-gradient (ZPG) boundary layer over surface imperfections.

2

Problem formulation
The conservation equations of mass and momentum for
the incompressible flow of a Newtonian fluid are:
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The indices i, j and k represent the streamwise, wall-normal
and spanwise direction, respectively (also denoted as x, y and
z); the corresponding velocity components are u, v, and w. ρ
and ν denote fluid density and kinematic viscosity. p is the
hydrodynamic pressure.
The governing equations (1-2) are solved using
Nek5000 [2, 3]. This open-source code is based upon the
spectral element method (SEM) [4] and is high-order in spatial accuracy. It is capable of modeling a wide range of problems, such as transitional and turbulent flows, low-Machnumber compressible flows, and passive scalar transport,
etc., and has been validated for numerous numerical studies. Spatial discretization of flow velocity and pressure is
implemented using a so-called P N −P N−2 formulation. The
temporal discretization uses a semi-implicit scheme in which
the non-linear terms are treated explicitly and the linear ones
are treated implicitly [5].
The study of a boundary layer over the surface imperfections examined three types of geometries, namely, a forwardfacing step (FFS), a backward-facing step (BFS) and a cavity.
The geometries are schematically shown in Figure 1. Three
step heights were considered for the FFS and BFS, namely,

Fig. 1.

Sketch of the considered surface imperfections.

h/δ∗o = 0.25, 0.5 and 1.0, respectively. δ∗o is the displacement
thickness in a flat plate measured at the imperfection location; it also serves as the reference length throughout the investigation. The step heights considered correspond to 8.8%,
17.5%, and 35.0% of the local boundary-layer thickness, δ99 ,
over the flat plate, respectively. Two cavity widths (cavity
length i.e., λ/δ∗o = 4.0 and 8.0) were examined, with different rear-wall heights, ht ; the height of front wall was fixed as
h/δ∗o = 1.0. The imperfection was placed at the origin of the
coordinate plane (i.e., x/δ∗o = 0.0) where Reδ∗ = 1, 000 in the
absence of a step. Table 1 summarizes the numerical setup
of all cases considered.

λ/δ∗o

h/δ∗o

ht /δ∗o

FFS

−

0.25, 0.5, 1.0

−

BFS

−

-0.25, -0.5, -1.0

−

S-Cavity

4.0

1.0

-0.5, -1.0

L-Cavity

8.0

1.0

-0.25, -0.5, -1.0

Table 1.

Numerical setup for the flow over surface imperfections.

Disturbances were introduced by periodic blowing and
suction to simulate a narrow (20δ∗o in length) vibrating ribbon
[6]. The centre of the ribbon was placed 30δ∗o upstream of the
leading edge of the surface imperfection. The imperfection
was located at the centre of the unstable region of neutral
stability curve, for the imposed frequency of disturbances, as
shown in Figure 2. For the 2-D simulations, we considered a
normalized frequency F = ων/U∞2 × 106 = 100 and a small
amplitude of the suction/blowing velocity, A = 1 × 10−4U∞ ;
A ≪U∞ is necessary in 2-D simulation to ensure the linear

Fig. 2. Location of 2-D domain and vibrating ribbon in ZPG
boundary-layer neutral stability curve [7].

behavior of disturbance growth.

3 Instability of 2-D Boundary Layers
The transition process in a low-disturbance environment
(i.e., freestream turbulence, noise, and surface imperfections,
etc.) is initially characterized by the formation and amplification of 2-D waves propagating in the downstream direction; such waves are the so-called Tollmien-Schlichting (TS)
waves. Figure 3 presents the instantaneous disturbance vorticity contour, ω′ , in a boundary layer over a flat plate, i.e.,
ω′ =

∂v′ ∂u′
−
.
∂x
∂y

(3)

Here, a prime denotes the difference between an instantaneous quantity and the base state, u′ = u −U. The Branch II
location (i.e., the second neutral point, where the disturbance
amplitude starts to decay) occurs at Reδ∗ = U∞ δ∗ /ν = 1254.
This location is consistent with the results in the literature
[7–9].

Fig. 3.

Isolines of instantaneous disturbance vorticity, ω′ , for a ZPG

boundary layer over a flat plate (h/δ∗o

= 0.0).

Fig. 4. Vorticity contours, ωz , for ZPG boundary layers over forwardfacing steps

The stability characteristics of a 2-D flow field are typically studied through the amplification curves. We consider
the integral along the wall-normal direction of twice the perturbation kinetic-energy (PKE) K , i.e.,

A=

Z ∞
0

2K dy =

Z ∞

u′2 + v′2 dy,

(4)

0

where angle brackets denotes averaging in time.
Figure 4 shows contours of vorticity of the base flows
(i.e. the flow field in the absence of perturbation). A closed
recirculation region is formed ahead of the step; for steps
of this size, with h ≪ δ99 and low Reh , such region is very
small [10–12]. No flow separation is observed over the step
in any of the cases considered. Points of inflection, i.e.
∂2U/∂y2 = 0, initially occur upstream of step because of the
recirculation; they also occurs downstream as flow field recovers from the influence of the step. A small region enclosed by the points of inflection is observed immediately
downstream of the leading edge. Such flow features are well
pronounced in h/δ∗o = 1.0, but are also present in all other
step heights.
The amplification curves for the boundary layers over
the FFS are presented in Figure 5. Upstream of the step a
substantial increase is observed in both local amplitude, A,
and growth rate, dA/dx; the increase is proportional to the
step size and is conjectured to be due to the points of inflection caused by the recirculation upstream. The TS waves

Fig. 5. Amplification curves for the boundary layer over forwardfacing steps. Are f is evaluated at the center of ribbon.

start to decay slightly downstream of the steps, yielding regions of local stabilisation where the PKE are smaller than
than that of flat plate. For h/δ∗o = 0.25 and 0.5, though
presenting a higher growth rate as the amplitude increase
again, stabilisation regions extend downstream almost to the
branch-II location before their amplitudes exceed that of the
flat plate. The FFS, therefore, results in a mildly stabilised
flow in these cases. For h/δ∗o = 1.0, however, the amplitude begins to increase around x/δ∗o = 40 with an significantly higher growth rate; the amplitude of TS waves soon
exceed the flat-plate one, indicating a strong destabilisation.
Such stabilising/destabilising effects are consistent with the
findings of the literature. Xu et al. [13] observed that the
presence of the step contributed to a significant amplification of the disturbance upstream of the step whereas immediately downstream, a decrease in amplitude followed. Further
downstream of the step, stabilizing effects were observed
only for cases with h/δ99 < 20%. Chauvat et al. [11] investigated the effects of the forward-facing steps (S1: h/δ∗o =
0.77 (h/δ99 = 0.23) and S2: h/δ∗o = 0.99 (h/δ99 = 0.30) )
on the laminar-turbulent transition over a swept wing model.
Although h/δ99 > 20%, the smaller step also showed a delayed onset of transition; the higher step accelerated the transition, compared to the flat plate.
Figure 6 presents the vorticity contours of the base flows
for the BFS cases. Points of inflection appear immediately
downstream of the step, follow the vorticity peaks, and extend downstream far beyond the reattachment point. The attachment length, xr , increases linearly with the step height;
such linear relationship holds as long as the flow remains
laminar [14, 15].
Destabilization of the TS waves downstream of the
BFSs is postulated to be largely attributed to the recirculation regions, which is characterized by both reverse flows
and points of inflection. The disturbance growth in the
separation bubble thus occurs mostly in two regions: the
outer region where the separated shear layer is unstable via
the Kelvin–Helmholtz (KH) instability, and the inner region
where the reverse flow near the wall is susceptible to the viscous instability [16, 17]. This explains the substantial impact of step heights on the amplification curves shown in
Figure 7. The curve becomes steeper as the step height in-

Fig. 6. Vorticity contours, ωz , for ZPG boundary layers over forwardfacing steps

Fig. 8. Vorticity contours, ωz , for ZPG boundary layers over cavities:
(a) and (b) (ht /δ∗o = −1.0) λ/δ∗o = 4.0 and λ/δ∗o = 8.0; (c) and
(d) (ht /δ∗o

Fig. 7. Amplification curves for the boundary layer over backwardfacing steps; Are f is evaluated at the center of ribbon.

= −0.50) λ/δ∗o = 4.0 and λ/δ∗o = 8.0.

Vorticity contours, ωz , for ZPG boundary layers over cavities
= 8.0): (a) ht /δ∗o = −1.0 , (b) ht /δ∗o = −0.50, and (c)
ht /δ∗o = −0.25; BFS: (d) h/δ∗o = −1.0
Fig. 9.
(λ/δ∗o

creases; the region of increased growth rate also becomes
longer as the step height increases. The flow is destabilised
in all cases considered here; in h/δ∗o = 1.0, the amplitude of
u′ reaches 1% of U∞ (the value where linear stability analysis no longer holds) slightly downstream of the reattachment
point (xr /δ∗o = 29) around x/δ∗o = 33.
A boundary layer over a cavity, shown in Figure 8 and
Figure 9, is characterised by a trapped recirculation bubble; the velocity profiles have points of inflection extending
slightly above and beyond the cavity. The recirculation region increases in length as the rear wall decreases in height;
the inflection point follows the separated shear layer and extends farther downstream with an increased wall-height difference.
Two different behaviours of the amplification curves are
observed, depending on the height of the trailing edge. When
the leading and trailing edges have the same height (Figures 10), a local increase of the growth rate is observed; the
wider the cavity, the farther the increased growth rate extends. Downstream of the cavity the growth rates soon decrease and become parallel to that of the flat plate. When the
trailing edge is at a lower height (Figure 11), the curves resemble those of the corresponding BFS. Although the width
of the cavity affects the flow stability, the wall-height difference appears to be the primary factor affecting the stability.

Fig. 10. Amplification curves for the boundary layer over cavities;
Are f is evaluated at the center of ribbon (h/δ∗o = 0.0: flat plate;

h/δ∗o = −0.50: BFS).
4 Conclusions
We performed a DNS of a ZPG boundary layer over
several surface imperfections; geometries considered include
a forward-facing step, a backward-facing step and a cavity
(two cavity widths i.e., λ/δ∗o = 4.0 and 8.0) with different
rear-wall heights. Among the step sizes considered for the
forward-facing step, h/δ∗o = 1.0 presented a strong destabilisation, whereas h/δ∗o = 0.5 and 0.25 stabilised the flow
mildly overall. TS waves started to decay slightly downstream of the steps, yielding regions of local stabilisation;
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Fig. 11.

Amplification curves for the ZPG boundary layers over cav-

ities with λ/δ∗o

= 8.0; Are f

is evaluated at the center of ribbon.

these regions extended far downstream before the amplification curves reached the same level as that of h/δ∗o = 0.0
case. h/δ∗o = 1.0, however, had a significantly higher growth
rate, and therefore induced a strong overall destabilization.
For the backward-facing steps, overall destabilization was
observed for all the cases considered: the higher the step
size, the steeper the growth rate downstream of the step.
Strong destabilization associated with the backward-facing
steps was possibly a result of an interaction between viscous
instability and KH instability. However, other unknown effects may also be causing this behaviour. The effects of a
cavity over stability relied more on the wall-height difference than the cavity width. The flow fields over a cavity with
a lower rear-wall height essentially resembled that of a corresponding backward-facing step.
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